We recall the concept and some properties of the generalized k-Fibonacci numbers and then apply the binomial transform to these sequences. As consequence, we obtain new integer sequences related to the generalized k-Fibonacci numbers. Finally, we find the recurrence relation of these new sequences and the formulas for their sums.
Introduction
Classical Fibonacci numbers have been generalized in different ways [12, 13, 16, 17] . One of these generalizations that greater interest lately among mathematical researchers is that leads to the k-Fibonacci numbers [7, 8] .
Then, we define the k-Fibonacci numbers. Definition 1. For a natural number k, the k-Fibonacci sequence, say {F k,n }, is defined by the recurrence relation F k,n+1 = k F k,n + F k,n−1 for n ≥ 1 with the initial conditions F k,0 = 0; F k,1 = 1.
From this definition, the k-Fibonacci sequence is F k = {0, 1, k, k 2 + 1, k 3 + 2k, k 4 + 3k 2 + 1, k 5 + 4k 3 + 3k, k 6 + 5k 4 + 6k 2 + 1 . . .}.
If k = 1 the classical Fibonacci sequence is obtained F = {0, 1, 1, 2, 3, 5, 8, . . .} and if k = 2 that is the Pell sequence F 2 = P = {0, 1, 2, 5, 12, 29, 70, 169, . . .}.
On the same way, we define the k-Lucas numbers [3] by mean of the recurrence relation L k,n+1 = k L k,n + L k,n−1 with the initial conditions, L k,0 = 2 and L k,1 = k.
From this definition, the k-Lucas sequence is
In particular, for k = 1, the classical Lucas sequence {2, 1, 3, 4, 7, 11, 18, 29, . . .} is obtained. It is worthy to be noted that the coefficients arising in the previous list can be written in triangular position, in such a way that every side of the triangle is double. This triangle will be called Lucas triangle [2, 4, 15] : Table 1 . The Lucas Triangle   0  2  1  1  2  1  2  3  1  3  4  1  4  2  5  1  5  5  6  1  6  9  2  7  1  7  14  7  8 1  8  20  16  2 The row sums are the classical Lucas numbers.
If we write the diagonals of this triangle as rows of a new triangle, then obtain the classical Lucas triangle: Lucas Triangle   2  1  2  1  3  2  1  4  5  2  1  5  9  7  2  1  6  14  16  9  2  1  7  20  30  25  11  2  1  8  27  50  55  36  13  2 In this triangle, if L j (r) is the j-th entry of the r-th row for j = 0, 1, 2, . . ., then L j (r) = r + j j r − 1 j − 1 for j = 1, 2, . . . r + 1, with L 0 (r) = 1 for r ≥ 1.
The elements of the Lucas Triangle verify the Addition Property:
that we can prove by induction.
Moreover, for r ≥ 2, it is verified r j=0 (−1) j L j (r) = 0.
Generalized k-Fibonacci numbers
For the natural numbers k ≥ 1, n ≥ 0, r ≥ 1, the generalized k-Fibonacci numbers [5] , F k,n (r), are defined by the recurrence relation F k,n (r) = k F k,n−r (r) + F k,n−2 (r) for n > r with initial conditions F k,n (r) = 1, n = 0, 1, 2, . . .
So, if F k (r) = {F k,n (r)/n ∈ N }, the sequences obtained for r = 1, 2, . . . 7 are:
Evidently, F k (1) is the k-Fibonacci sequence.
Generalized k-Fibonacci numbers for k = 1, 2, 3
If we particularize the previous sequences for k = 1, 2, 3, . . . obtain distinct integer sequences. For k = 1, the following sequences appear [18] : Some of these sequences are cited in [14] . Moreover, F 1 (1) is the classical Fibonacci sequence (A000045) and F 1 (3) is the Padovan sequence (A000931).
For k = 2, it is: F 2,n (1) 1 2 5 12 29 70 169 408 985 · · · · · · · · · · · · · · · · · · · · · F 2,n (2) 1 1 3 3 
Finally, for k = 3 it is the following table: F 3,n (1) 1 3 10 33 109 360 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · F 3,n (2) 1 1 4 4 16 16 64 64 256 256 · · · · · · · · · · · · · · · · · · F 3,n ( The following proposition shows the formulas used to calculate the general term of the sequence F k (r) = {F k,n (r)}, according to that r ≥ 2 is odd or even (see [7, 8] for r = 1).
Theorem 1.
(1) If r is even, r = 2p:
(2) If r is odd, r = 2p + 1 ≥ 3:
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If you want to implement formulas (1) and (2) in Mathematica, the limits of the sums would be as follows:
Proposition 1 (Sum of the terms of the sequence F k (r)). The sum of the first n terms of the sequence F k (r) is given by the formula
In particular, for r = 1 : S k,n (1) = S k,n = 1 k F k,n + F k,n+1 − 2 (see [7] [8] [9] ).
Special sums
The formulas for the sum of both even and odd terms of the above sequences are, respectively, 
Proof. If r = 1, then f 1 (x) = x 1−x−x 2 and the proof is in [7] . Let f r (x) be the generating function of the sequence {F k,0 (r), F k,1 (r), F k,2 (r), . . .}. Then: f r (x) = F k,0 (r) + F k,1 (r)x + F k,2 (r)x 2 + F k,3 (r)x 3 + · · · + F k,r (r)x r + F k,r+1 (r)x r+1 + · · · x 2 f r (x) = F k,0 (r)x 2 + F k,1 (r)x 3 + · · · + F k,r−2 (r)x r + F k,r−1 (r)x r+1 + · · · kx r f r (x) = kF k,0 (r)x r + kF k,1 (r)x r+1 + · · ·
Hence
and F k, j (r) = kF k, j−1 (r) + F k,n−2 (r), n ≥ r.
Finally,
Binomial Transform of the Generalized k-Fibonacci Numbers
In this section, we will apply the Binomial transform to the preceding sequences and will obtain new integer sequences [11] . Definition 2. Binomial transform of the generalized k-Fibonacci sequence [10] is defined in the classical form as BF k,n (r) = n j=0 n j F k, j (r) .
For r = 1 (see [6] ). So, for r = 2, 3, . . . the sequences obtained by applying this transform are: 
is the generating function of the sequence {b n } with b n = j n j a n . So, we can deduce the generating function of the F k (r) sequence, for r = 2, 3, . . . is
If we expanding this formula, then can find
where L j (r) are the coefficients of the Lucas Triangle (2) . That is,
for j = 1, 2, . . . r + 1, with L 0 (r) = 1 for all r.
Recurrence relation of the sequences BF k (r)
Taking into account g r (x) is the generating function of the sequences BF k (r), the coefficients of the denominator of this function shows the recurrence relation of the sequences BF k (r).
For clarity, we indicate as b n (r) the elements of the sequence BF k (r). The expansion of the denominator 
r = 4 → {1, −4, 5, −2, −k} → b n (4) = 4b n−1 (4) − 5b n−2 (4) + 2b n−3 (4) + k b n−4 (4) r = 5 → {1, −5, 9, −7, 2, −k} → b n (5) = 5b n−1 (5) − 9b n−2 (5) + 7b n−3 (5) − 2b n−4 (5) + k b n−5 (5) with the initial conditions b n (r) = 2 n for n = 0, 1, 2 . . . r − 1
Sums of the sequences BF k (r)
In the sequel we will prove the formulas for the sums of the sequences BF k (2) and BF k (3) and show for BF k (4). Let b n (2) = BF k,n (2) be and we will indicate as b n . From (3) it is b n = 2b n−1 + k b n−2 . Then: 
